Proof. Let l(K) = I. The result is clearly true when I ^ 2; therefore assume I > 2 and proceed by induction on \G\. Set F -F(K), the Fitting subgroup of K. Since F is the direct product of its Sylow subgroups, each of which is normal in G, we may assume by the J?o-closure of the class L(l) of groups of Fitting length at most I that F has a Sylow p-complement S such that l(K/S) = I. Suppose S Φ 1.
If S ^ M, then M/S is maximal subgroup of G/S, and so by induction l(M ΓΊ K/S) ^ l(K/S) -2 = 1-2. But then l(MΓiK)^l-
2, as required. On the other hand, if S S M, then Mn K/MΠS= S(Mn K)/S = K/S has Fitting length I, whence l(M (Ί K) = I. Hence we may assume that S = 1 and that F is a p-group. Set L/F = F(K/F). Then 1{K/L) =1 -2 and L/F is a p'-group. There are two possibilities to consider: Proof. Since a linear group of degree one is Abelian, the theorem is clearly true for I = 2, 3. Therefore assume Z ^ 4. We may suppose there is an ^-dimensional Λ-space V on which G acts (faithfully and completely reducibly). We proceed by induction on the integer m = \G\ + dim*; {V), assuming the theorem has already been proved for all groups G and all fields k giving smaller values of m. Let
Since this is not the case, we have l(G/Ki) = I for some i, and therefore when r > 1 we may apply induction to the triple (G/K iy ^, k) to give the result. Therefore assume V is irreducible as a &[G]-module. Since G is finite and k is perfect, we can find a finite extension k of k which is a splitting field for G and its subgroups such that V -k ® fc V is completely reducible; in fact V -V 1 Z '" 1 = 2 3 (Z -3)/2 . We conclude by remarking that the above methods give better bounds for l(G) in terms of n if the smallest prime divisor of | G \ is greater than 2 or, more generally, if the 2-length of G is restricted.
